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Theorem 1. 1 (Iwasawa 1959 [1]) $K$ $p$ $K_{\infty}/K$
$\mathrm{Z}_{\mathrm{p}}$- . $K_{\infty}/K$ $p^{n}$ $K_{n}$
$p$- ( $\mathrm{S}\mathrm{y}\mathrm{l}\circ \mathrm{w}$ ) $A_{K_{n}}$
$\neq A_{K_{n}}=p^{e_{n}}$
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Theorem 1. 2 (Mazur 1972 [2]) $K$ $p$ cyclotomic
$\mathrm{Z}_{p}$- $K_{\infty}/K$ $p^{n}$ $K_{n}$ $E$ $K$
$p$ ordinary reduction
(a) Selmer Pontrjagin daul $\mathrm{S}\mathrm{e}1(E/K_{\infty})^{\vee}$ torsion $\Lambda=\mathrm{Z}_{p}[[\mathrm{G}\mathrm{a}1(K\infty/K)]]-$
(b) $n\geq 0$ Tate Shafarevich U(E/Kn) $p$
( ) $m(E/K_{n})\{p\}$
*(E/Kn){p} $=p^{e_{n}}$
$\lambda,$ $\mu\in \mathrm{z}_{\geq 0}$ $\nu\in \mathrm{Z}$ $n$
$e_{n}=\lambda n+_{l^{\iota}}p+nU$









Theorem 1. 3 (Rubin, Kato) $E$ $\mathrm{Q}$ modular
$p$ ordinary reduction $K/\mathrm{Q}$ abel
$K_{\infty}/K$ cyclotomic Zp- Selmer Pontrjagin
daul $\mathrm{S}\mathrm{e}1(E/K_{\infty})^{\vee}$ torsion A=Zp[[Gal(K\infty /K)]]-
Theorem 1. 1, Theorem 1. 2 torsion A-
Theorem 1. 2 Tate Shafarevich
ordinary
Theorem 1. 2 ordinary Tate Shafarevich
?
ordinary $K_{\infty}$ Selmer daul
$\mathrm{S}\mathrm{e}1(E^{i}/K_{\infty})^{\vee}$ Tate Shafarevich dual $[] m(E/K_{\infty})^{\vee}$
torsion A- $\mathrm{G}\mathrm{a}1(K_{\infty}/K_{n})- \mathrm{c}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{t}$
ordinary Tate Shafarevich
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2Theorem 2. 1 $E$ $\mathrm{Q}$ modular $P$
supersingular reduction $L(E, s)$ $E$ $L$ $\Omega_{E}$
N\’eron period
$p\parallel L(E, 1)/\Omega_{E}$
( ) $\mathrm{T}\mathrm{a}\mathrm{m}(E)=\Pi_{\ell}(E(\mathrm{Q}\ell)$ :
$E_{0}(\mathrm{Q}_{\ell}))$ Tamagawa factor $p$ $\mathrm{T}\mathrm{a}\mathrm{m}(E)$
(Birch Swinnerton-Dyer
) $p\geq 5$ $P$
$\rho_{E[p]}$ : $G\mathrm{q}=\mathrm{G}\mathrm{a}1(\overline{\mathrm{Q}}/\mathrm{Q})arrow \mathrm{A}\mathrm{u}\mathrm{t}(E[p])\simeq GL_{2}(\mathrm{F}_{p})$
$K_{\infty}/\mathrm{Q}$ cyclotomic Zp-
$\ovalbox{\tt\small REJECT}$ $p^{n}$ $\Lambda=\mathrm{Z}_{p}[[\mathrm{G}\mathrm{a}1(K\infty/\mathrm{Q})||$
(1) $K_{\infty}$ Tate Shafarevich Pontrjagin dual $(\mathrm{A}(E/K_{\infty})\{p\})^{\vee}$
A- A
(2) $n\geq 0$ rank $E(K_{n})=0$ (Ribet
$E(K_{\infty})$ torsion part – $E(K_{\infty})$
)





Remark 2. 2 (1) Theorem 2. 1 (3)
$e_{0}=0$ , $e_{1}=0$
$e_{n}=p^{n-1}+p-3+ \ldots+p-\frac{n}{2}n$ $n$ : $\geq 2$
$e_{n}=p^{n}-1+p^{n-}+ \ldots+32p-\frac{n-1}{2}$ $n$ : $\geq 3$
1
Theorem 2. 1 (3)
(2) $E$ $p$ supersingular reduction ’m(E/K\infty ){p}
$K_{\infty}$ $K_{n}$
Gal $(K_{\infty}/K_{n})$ ( coinvariant)





$p$ ordinary reduction $\zeta LLL(E/K_{\infty})\{p\})^{\mathrm{G}\mathrm{a}}1(K\infty/K_{n})$





(3) Theorem 2. 1 $E$
supersingular prime $E=X_{0}(11)$
supersingular $p=19,29,\ldots$
(4) $E$ $p$ ordinary reduction
Mazur
(Mazur) $E$ $p$ good ordinary reduction $a_{p}=p+$
$1-E(\mathrm{F}_{p})$ $a_{p}\not\equiv 1$ ( $\mathrm{m}\mathrm{o}\mathrm{d}$ p). (not anomalous)
$P$ $\mathrm{T}\mathrm{a}\mathrm{m}(E)$
$E(\mathrm{Q})\otimes \mathrm{Z}_{p}=0_{\text{ }}\Lambda(E/\mathrm{Q})\{p\}=0$
’ $n\geq 0$ rank $E(K_{n})=0\text{ }$
$\lrcorner LL(E/K_{n})\{p\}=0$
(Iwasawa) $K$ $\mathrm{Z}_{\mathrm{p}}$- $K_{\infty}/K$
$K_{n}$ $K_{\infty}/K$





Conjecture 2. 3 (1) $E$ $\mathrm{Q}$ $P\geq 5$
supersingular reduction $K_{\infty}/\mathrm{Q}$ cyclo-
tomic Zp-r $K_{n}$ $p^{n}$ Tate Shafarevich
$-LLL(E^{i}/K_{n})\{p\}$ $p^{e_{n}}$
$\lambda,$
$\mu,$ $\mu’,$ $\nu,$ $\nu’\in \mathrm{Q}$ $n$





$p$ supersingular reduction $P$ $E[p]$ Gal(Q/Q)
(2) ordinary Greenberg
Conjecture 2. 4 (Greenberg) Mazur (Theorem 1. 2)
$E$ $p^{\text{ _{ _{ } }} }\rho Elp$ : $\mathrm{G}\mathrm{a}1(\overline{K}/K)arrow \mathrm{A}\mathrm{u}\mathrm{t}(E[p])$
Theorem 1. 2’ $\mu$ $\mu=0$
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3Theorem 2. 1 (1) Theorem 2. 1
(2), (3) 1 2
Selmer Selmer
$E$ $P$ $E[p^{\infty}]$ Selmer
$F/\mathrm{Q}$
$\mathrm{S}\mathrm{e}1(E/F)=\mathrm{K}\mathrm{e}\mathrm{r}(H^{1}(F, E[p^{\infty}])arrow\prod H^{1}(F_{v}, E(\overline{F_{v}})))$
$v:\mathrm{a}\mathrm{l}1$
$v$ $F$ Tate Shafarevich
$\Lambda(E/F)=\mathrm{K}\mathrm{e}\mathrm{r}(H^{1}(F, E(\overline{F}))arrow\prod H^{1}(F_{v}, E(\overline{F_{v}})))$
$v:\mathrm{a}\mathrm{l}1$
$0arrow E(F).\otimes \mathrm{Q}_{p}/\mathrm{Z}_{\mathrm{p}}arrow \mathrm{S}\mathrm{e}1(E/F)arrow-m(E/F)\{p\}arrow 0$
Theorem 2. 1 (2), (3)
$(*)$ $\mathrm{o}\mathrm{r}\mathrm{d}_{p}(\#\mathrm{s}\mathrm{e}1(E/K_{n}))=[-\frac{1}{2}n+\frac{p}{p^{2}-1}p^{n}]$
$k=\mathrm{Q}_{p\text{ }}k_{\infty}/k$ cyclotomic $\mathrm{Z}_{P}$- $k_{n}$ $p^{n}$
$k_{n}$ $K_{n}$ $P$ $T=T_{p}(E)$ $E$
Tate $z_{n}\in H^{1}(K_{n}, T)$ (




$z_{n}$ $H^{1}(k_{n}, T)$ $z_{n}$
Proposition3.1 Theorem 2. 1
$\mathrm{S}\mathrm{e}1(E/K_{n})\mathrm{v}\simeq H1(kn’ T)/(E(k_{n})\otimes \mathrm{z}_{p}+<z_{n}>)$
$<z_{n}$ $z_{n}$ Zp[Gal(kn/Q,)]-
Proposition 3. 1 $\mathrm{S}\mathrm{e}1(E/K_{n})$
$\mathrm{S}\mathrm{e}1(E\prec/K_{\infty})$ ordinary
$P$ supersingular
$k_{n}$ universal norm ( $m\geq n$
$E(k_{m})$ $E(k_{n})$ )
$\mathrm{S}\mathrm{e}1(E/K_{\infty})^{\mathrm{v}}$ $=$ $\lim_{arrow}\mathrm{S}\mathrm{e}1(E/K_{n})^{\mathrm{v}}$
$\simeq$ . $\lim_{arrow}H^{1}(k_{n}, \tau)/<(z_{n})>$
$\lim_{arrow}H^{1}(k_{n}, T)\simeq\Lambda\oplus\Lambda$ $z_{n}$ $L$
$(z_{n})$ base –
$\mathrm{S}\mathrm{e}1(E/K_{\infty})^{\mathrm{v}}$ A – ordinary $\lim_{arrow}E(k_{n})\otimes \mathrm{z}_{p}$
Sel $(E/K_{\infty})^{\vee}$ A-torsion




$D=D_{cri\mathit{8}}(V_{p}(E’))$ $E^{t}$ Dieudonne $D$ 2
$\mathrm{Q}_{p}$ Frobenius $\varphi$ : $Darrow D$ $\zeta_{p^{n+1}}$ 1
$\mathit{1}^{J^{n+1}}$
$\gamma_{n}$ : $Darrow D\otimes \mathrm{Q}_{p}(\zeta_{p}n+1)$
$x \vdasharrow\frac{1}{p^{n+1}}\sum_{0i=}\zeta_{p^{n}}^{p1}+1\varphi n(i.i-n-X)+(1-\varphi)-1(x)$
$=\mathrm{G}\mathrm{a}1(\mathrm{Q}_{p}(\zeta p^{n+1)}/\mathrm{Q}_{p})$ $D$ cup $[, ]$
$D\otimes \mathrm{Q}_{p}(\zeta_{p}n+1)[\mathcal{G}_{n}]$ $\cross$ $D\otimes \mathrm{Q}_{p}(\zeta_{p^{n+1}})[\mathcal{G}n]$ $arrow \mathrm{Q}_{p}(\zeta_{p^{n+}}1)[\mathcal{G}n]$
$\exp*$ : $H^{1}(k_{n}, V_{p}(E))arrow D\otimes k_{n}$ dual exponential
map (exponential map $D\otimes k_{n}arrow E(k_{n})\otimes \mathrm{Q}p\subset H^{1}(kn’ V(PE))$
) $x\in D$ $z\in H^{1}(k_{n}, V_{p}(E))$
$P(x,.z)=[( \sum_{\sigma\in \mathcal{G}n}\gamma_{n}(X)^{\sigma}\sigma), (\sigma\in\sum_{n}\exp(\sigma(z))\sigma-1)*]Q$
$P(x, z)\in \mathrm{Q}p[\mathcal{G}n|$
$P(x, z)$
$x$ $\psi$ : $\mathcal{G}_{n}arrow \mathrm{Q}_{p}(\zeta_{p^{n}})$
$\psi(P(X, z))\in \mathrm{Q}p(\zeta_{p}n)$ $H^{1}(k_{n}, T)/(E(k_{n})\otimes \mathrm{z}_{p}+<$
$z_{n}>)$ $\psi$ $(H^{1}(k_{n}, T)/(E^{t}(k.)n\otimes \mathrm{Z}_{p}+<z_{n}>))^{\psi}$
$z_{n}$ $L$ $L(E, \psi, 1)$
$L(E, \psi, 1)/\Omega_{E}$ p-
modular symbol (Mazur, Tate,
Stevens ) $\mathrm{S}\mathrm{e}1(E/I\mathrm{f}_{n})$
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